A LAYER STRIPPING ALGORITHM IN ELASTIC
IMPEDANCE TOMOGRAPHY

GEN NAKAMURA* AND GUNTHER UHLMANN!

1. Introduction. Let n > 2 be an integer and 2 C R” be a bounded
domain with smooth boundary I' = 0Q. We consider  as a reference
configuration domain of an elastic medium with elastic tensor C(z) =
(Cijri())1<i,j,ki<n € C*(Q). We assume that C(z) satisfies the following
hyperelasticity and strong convexity conditions:

(Hyperelasticity)

1.1 Ciiri(2) = Criij(z), Vz€Q, 1<i,j,kI<n.
J J

(Strong Convexity) There exists 6 > 0 such that for any z € Q and real
matrix (€;;),

n n
(1.2) Z Cijkz(:c)fijfm >4 Z €?j.
i,§,k,1=1 ij=1

The problem of Elastic Impedance Tomography consists in determining
the elastic tensor C' by making displacement and traction measurements at
the boundary of the domain. This information is encoded in the so-called
Dirichlet to Neumann map. Considerably progress has been made in recent
years in the question of identifiability in the case that the elastic tensor is
isotropic ([N-U LII]). A key ingredient in the global identifiability result of
[N-U 1] is the construction of complex geometrical optics (or exponentially
growing solutions) for the Lamé system and in fact for any differential
system that can be reduced to a first order perturbation of the Laplacian.
For other applications of this construction to other inverse boundary value
problems involving first order perturbations of the Laplacian see [U].

In this paper we develop a layer stripping algorithm for isotropic elas-
tic materials in all dimensions n > 2 and for a large class of anisotropic
elastic materials in three dimensions, the so-called transversally isotropic
materials. We describe below in more detail the mathematical problem and
our results.

Let 0 <t < 1 and define Q(t) := {z € Q;dist(z,0Q) > t}. Then the
boundary I'(t) of Q(t) is smooth.

Let us consider the boundary value problem (BP);:

(BP); (Lu)i(z) = Z 0z,;(Cijri()0z,ur(2)) = 0 in Q(t)

jkd=1
u; = f; € C®(I'(t)) onT(t) (1<i<n).

* Department of Mathematics, Science University of Tokyo, Tokyo, 162, Japan.
t Department of Mathematics, University of Washington, Seattle, WA 98195, USA.
Partly supported by NSF Grant DMS-9322619 and ONR grant N0014-93-1-0295.

375

G. Chavent et al. (eds.), Inverse Problems in Wave Propagation
© Springer Science+Business Media New York 1997



376 GEN NAKAMURA AND GUNTHER UHLMANN

where u(z) = (u1(x), ..., un(z)) is the displacement vector of Q. It is well
known that (BP), is well posed.

DEFINITION 1.1. We define the Dirichlet to Neumann map (DN) in
Q(t), A®), by

n

(1.3) (A(t)f),' = Z VjCijkIaa:,Uk'F(t); i=1,...,n

k=1
where u = (u1,...,u,) € C“(W) is a solution of (BP):, f = (f1,..., fx)
€ C°(0Q) and v = (v1,...,vy,) is the outer unit normal of T(2).

The layer stripping algorithm consists in finding an approximation for
the medium parameters layer by layer from the Dirichlet to Neumann map
A(0). This consists in two steps:

1) First one finds the parameters of the medium at the boundary I'(t) from
A(2).

2) One derives a differential equation for A(t) in ©(¢) involving A(t) and
tangential derivatives of the medium parameters that allows to approxi-
mately propagate the boundary data to the interior, layer by layer. by
using the approximation

Al +6) — A@) ~ A g,
dt
This algorithm has been developed for different inverse problems (see for
instance the Proceedings [C] and the references there). For the electrical
impedance imaging problem it was analyzed in detail in [S-C-I-I]. A con-
vergent layer stripping algorithm was developed in [S] in two dimensions
for the case in which the conductivity depends only on the radius.

In this paper we derive a Riccati equation for A(t) for any anisotropic
elastic medium satisfying (1.1) and (1.2). We also prove that A(t) is a clas-
sical pseudodifferential operator of order 1 on I'(¢) and that the full symbol
of this operator determines the full Taylor series of the surface impedance
tensor that we describe below. From the surface impedance tensor it is
known that we can recover the Taylor series at the boundary of the Lamé
parameters for isotropic medium ([N-U]) in dimension n > 2 and the Tay-
lor series at the boundary of the elastic tensor for a class of anisotropic
medium in two dimensions ([N-U}) and for transversally isotropic materi-
als in three dimensions ([N-T].) Thus a layer stripping algorithm is derived
for these kind of elastic materials. The general question of under which
conditions one can determine the boundary values of the elastic tensor for
general anisotropic materials is open. It is known that this is not true in
general ([N-T I}).

We take boundary normal coordinates (z',...,z"71 2") = (y,z")
such that I'(t) is locally expressed as z" = t. Let o(A(#))(y,n) and
a(A(t))(y,n) be the principal symbol and the full symbol respectively of
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the pseudodifferential operator A(t). The tensor
Zy(y,n) = Inl~ o (A®)(y, m)

is called the surface impedance tensor in Stroh’s formalism for anisotropic
elasticity (see [C-S]).
In this paper we will prove that o(A(t))(y,n) determines ®(¢) :=

{(@) an|_siezi=num].

The method of proof of this result follows the ideas in [L-U] for the
anisotropic electrical impedance tomography. In [L-U] a factorization of the
conductivity equation into a heat equation and a backwards heat equation
is used to prove the boundary determination of anisotropic conductivities
in special coordinates. This method has the following advantages: a) It
derives the Riccati equation for the DN map. b) It proves that the DN
map is a pseudodifferential operator. Then, using a) and the calculus of
pseudodifferential operators, one can compute its full symbol which con-
tains information of the medium parameters at the boundary. A Riccati
equation for the DN map associated to anisotropic conductivities was de-
rived in [L-U]. From the full symbol of the DN map one can recover the
full Taylor series of the conductivity at the boundary ([L-U]). However this
was not realized as a layer stripping algorithm.

In this paper we develop this approach for the considerable more com-
plicated case of anisotropic elastic materials. In section 2 we develop the
factorization of the elasticity operator and derive the Riccati equation for
the DN map. In section 3 we show that the full symbol of the DN map de-
termines ®(t). Therefore combining this with the boundary determination
results in [N-U] and [N-T] we have completed the layer stripping algorithm
for isotropic and transversally isotropic materials. We expect that this will
be extended to other type of anisotropic materials.

2. Factorization of L. Let (z!,...,z""!,2") = (y,2") be boundary

normal coordinates as previously defined. Then the tensorial local expres-
sion of (BP); in terms of these coordinates is

n
(Lu) = Y Vi(C*'Viug) =0 in{z" >t}
. j,k,l;l
ul‘xn=t:fz (1<i<n)

(BP),

where V; is the covariant derivative with respect to 5—‘2—; and

n

CiMz)= Y %(2)g" (2)g™ (2)9" (2)Cabea(®).

ab,c,d=1

where

@)=Y e g (o)
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We define

=1

n—1 .
. ill,...,n
Q(z,n) = (chkl(x)""””k—q,...,n)

Al(z,m) = R(z,n)+'R(z,n)
(2.1)

R(z,n)

j=1

n—1 .
ijkn = lll,--.,n
(ZC ()n; k— 1,...,n>
— inkng, .\. ill,...,n
T(@) = (C CUPaR ln)

The principal symbol of —L is given by

(2.2) M(z,n,&n) == T(x)gﬁ + Allc(xv n)én + Q(x, n)

where 7 denotes the dual variable to y and &, denotes the dual variable to
z". For the operators we have

(2.3) =L =T(z)D2. + A%(z, Dy) Dyn +Q(2, D, )+ Fo() Dyr + Fy (2, D,)

where /—1Fy(z) is a real-valued matrix and Fy(z,Djy) is a first order
differential system, where

_ 51-n = —v—an
Dy;_' (Dyo, eroy Dyn-1)
Dy; = —/-1V;

Using the hyperelasticity condition (1.1) we have that Q(z, n) and T(z)
are symmetric n X n matrices and by the strong convexity condition (1.2),
T(z) and M(z,n,&,) are positive definite matrices for z € Q, (n,,) €
R™0. Hence for fixed (z,7), M(z,n,£,) = 0 in &, admits n number of
roots &, = (; (j = 1,...,n) with positive imaginary parts and n number
of roots &, =(; (j = 1,...,n). The following result gives the factorization
of the principal symbol of —L.

THEOREM 2.1. ([G-L-R] Let
@4 Bl = (f (M@, 070§ MCz9,07d)

where v C Ct. := {¢ € G Im( > 0} is a closed contour enclosing all the (;
(J=1,...,n). Then we have

(2.5) M(z,7,€a) = (6n — Bi(2,n))T(z)(én — Bi(z,m))
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with Spec(By(x,n)) C C; where Spec(Bi(z, 7)) := {spectrum of By(z,n)}.

THEOREM 2.2. There exist classical pseudodifferential operators B(z,
Dy) and Go(z, Dy) of orders 1 and 0 respectively depending smoothly on
" (0 < 2" <« 1) such that

(2.6) o(B)(z,n) = Bi(z,n)

and

(2.7) = L = (Dzn — B*(2, D) + Go(, D,))T(2)(Dzn — B(, D,)).
Moreover the operator B = B(z, Dy) satisfies the Riccati equation
(2.8) DenB+(T'AY + T 'F)B+ B*+ T-'Q+ T 'F, = 0.
and

(2.9) Dgnt|gnzt = B(2™,y, Dy)lon=e(f) + K(f)

where K is a smoothing operator and u is a solution of (BP);.
Remark. We can more conveniently rewrite (2.8) in the form:

(2.10)Dgn B+T~{(TB+B*T+AY)+ Fy} B+ T~ {(Q-B*TB)+F,} = 0

Observe that each of the summands of (2.10) have order 1 since @ — B*T'B
is of order one by (2.2) and (2.5).

COROLLARY 2.1. Let us consider A(t) as an operator sending covariant
vector functions to covariant vector functions. We define

(2.11) A(t) == VZIT g A(%),

that s

Tl A= D T i ¢F'AP fm, i=1,.n

k,m=1
where
A(t) = (A‘g(t))ISi,an) f = (fla [EE) fn)
and
(2.12) 7'(2) = ()@ = 3 25 () 22

—\Z)—\T).
> 52 @@
Then K(t) satisfies, modulo a smoothing operator, the Riccati equation

(213)  DA@®)+J (DA +A@) K ()+A()+F(E) =0 (0<t<1)
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where
(2.14) Ji(t) :=TH(A} + Bo - ).,
with
Ey = (A’f - R)(:"»Dy):
where
(2.15) Ki(t) = ~T7 B,
and
Fa(t) = {T7Q+ F1) — Don(T'Ey)
(2.16)

—T~ YA + F)TE; +H(T 1 E)?Y

=t

Proof of Corollary 2.1. This easily follows from the fact that
(2.17) 9" At)=—V-1(TB+ E1)|xn=t mod smoothing

and (2.7).
Proof of Theorem 2.2. From (2.7), B and G, must satisfy

(2.18) ~TB+ DenT — B*T 4+ GoT = A" + F,

—TDgnB — (DenT)B + B*TB — GoTB = Q + F;

(219) where Allz — A}f(l',[)y)yQ e Q(CL‘,f)y),Fl = Fl(x) Dy)

By eliminating Gy from (2.19) using (2.18), we get (2.8).
Now by the composition formula for pseudodifferential operator, we
have from (2.8),

Y @) OSF(BDIFHBHY (o) Tr O (T™  AY)DEE(B)+ T~ Q+D,n 5(B)+

o
+T-1Fya(B) + T~ 1F; ~ 0.
(2.20)
where (2.20) is interpreted in the asymptotic sense of symbols. If we sub-
stitute

(221) F(B)@m) ~ Y Bioi(a)

with each B;_;(z,7n) homogeneous of degree 1 — j with respect to 7 for
|n| > 1 into (2.20), we obtain the following conditions. Grouping the
homogeneous terms of degree 2 we have

(2.22) B+ T 'o(AM)B1+ T 10(Q)=0
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which is valid by (2.22). Grouping the homogeneous terms of degree 1 we
have

n—1
BoBi + B1Bo + T o(A%)By = ) 8,,B1Dy; Bi—
j=1
n—1
_Zanj (T_lo'(Alll))DyiBl — DynBy — T 'FyB; — T'la(Fl) =0.
j=1
(2.23)
and grouping the terms homogeneous of degree 0 we have
n—1
B_1Bi 4+ B1B_y + T 'o(A})B_; = _Z(aﬂjBDyiBl + 8y, B1 Dy Bo)
Jj=1
~ 3" (a6 B, D§ By
|a|=2
n—-1
——ZB,,J.(T_IU(A?))DW-BO — Dgn By — T FoBy — T~ oo(F1)
Jj=1

(2.24)
where og(Fy) is the term homogeneous of degree 0 in &(F1). Moreover
grouping the homogeneous terms of degree —r (r € N) we have

B_,_1By+ BB, + T '0(ANB_,_y =~ Y Bi_;jBi

j4k=r+2
7.k21

05 - Z (a!)"105By_; DS By
. lad2

jtk= r—|u|+2
3,k
—Z‘% (T~'o(AM))Dyi By — DgnB_, — T~ ' FoB_,.

To see that (2.22)—(2.25) are solvable, we note that we have from (2.5),
(2.26)  B_,Bi+ BiB_, + T 'o(A})B_, =
(-T'0(@)B;)Boy — Bo(~By)  (r €Z4),

Also from the fact that Spec(B;) C C4 and the strong convexity condition
(1.2) we conclude

(2.27) Spec(—By) C C_, Spec(-T~1o(Q)B7') C C;.

Once B is determined modulo a smoothing operator we can determine
Go modulo a smoothing operator from (2.18). The recursion formula for
Go,—j (j € Zy) with

(2.28) 5(Go) ~ ) Go,—j
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is given as follows:

n—1 n-1
(229)Goo = _ T8y, BiDy;T™ ~(DpnT)T™' + Y 8y, Dy By + BoT™!

ji=1 j=1

Go-j= Y. (a) T B_jyu DFT™" +05DGB% ;,10) (J EN).
lof<j+1
(2.30)

Now using the factorization (2.7) in a backwards heat equation and a
heat equation we can argue as in [L-U], Proposition 1.2 to conclude (2.9)
finishing the proof of the Theorem. Since we can see from (2.7), (2.17) and
Spec(B7) C C_ that A(?) is a classical pseudodifferential operator of order
1 depending smoothly on ¢ (0 <t < 1).

3. The identification of ®(t) from 7(A(t)). Let
(3.1) g AR ~ D ()
j=1

where each A;_;(t)(y, n) is homogeneous of degree 1 — j with respect to
nfor g > 1. For k € Zy, I € R, mod (TF,S') means we are neglecting
the terms in S’ := {the symbol p;(y,n) of a classical pseudodifferential
operator p;(y, Dy) of order ! depending smoothly on t (0 <t < 1)} and
the term ¢ S’ which depends only on the t-derivatives of C(y,t) up to order
k.

THEOREM 3.1. There is a linear bijective map W(x,n) on the set of
all n X n matrices which depend only on C(z) but not on its derivatives
such that

2\3—351)(!/, n) = Il W(y, t,m)(DiAr-r(t)(y, ) mod (I7,57771) (r € Z4).
TI;erefore 7(A(t))(y,m) determines P(1).
Proof. By (2.17) we have

(3.3) M-j(t)(y,m) = —V=1TBi_;(z, n)|

We prove (3.2) by induction on r. From (2.23)

(j EN).

rh=t

BoBi+B1Bo+T '0(A")By = =Dyn By —T' FyBy —=T~'F; mod (T%, S°)

™)

and from (2.7)

Fo = DgaT mod (T%,57Y)
Fi = Dg;FE; mod (Tfn,SO).
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Hence

BoBy + B1By + T~ 0(A")By = —DynBy = T H(DpnT)B1 — T~ ' Dyn B4
=—T"'D;»(TB; + E)
= /21T ' Dy Ay (") mod (T2, S°).

Using (3.3) we have

BoBy + BiBy + T~ o(AMBy = (=T~ 'o(Q) By *)Bo — Bo(—B1)

= V=1T"{(-0(Q)B; 'T~")(~v~1TBo)

—(=V=1TBy)(-B1}
(-

= VAT H{(=o(@BT ' T™Ao(a"™) — ho(a")(~ B)}

Here note that
(3.4) Spec(—By) C C_, Spec(—o(Q)B T~ Cc Cy
So if we denote by W (z)(Y') the solution X of the matrix equation
X(=Inl*B1) = (=Inl*o(Q) BT 'T™H)X =7,
we have
(3.5) Xot) = |1~ W (y,t,n)(Deh (1) mod (TP, 571

Hence (3.2) holds for r = 0.

Now let ¢ € N and let us assume (3.2) is true for all r < ¢. From (3.2)
and (3.3) we have that each Bi_; (j < ¢ + 1) depends only on C(x) and
its 2"-derivatives of C(z) up to order j. Hence from (2.25)

VAITH{(=o(Q) BT ' T~ Ao g-1(2") = Ag-1(=")(=B1)}
= —/ZIT™ ' Dy d_y(2") mod (TH, 5471,

By the definition of W(z) we have

Acqm1(t) = Inl" W(DA—g(t)) mod (T2, 5742)
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